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Abstract
We investigate the role of the spin angular momentum of astrophysical black holes in
controlling the special relativistic chaotic dynamics of test particles moving under the
influence of a post-Newtonian pseudo-Kerr black hole potential, along with a perturbative
potential created by a asymmetrically placed (dipolar) halo. Proposing a Lyapunov-like
exponent to be the effective measure of the degree of chaos observed in the system under
consideration, it has been found that black hole spin anti-correlates with the degree of
chaos for the aforementioned dynamics. Our findings have been explained applying the
general principles of dynamical systems analysis.
1 Introduction
Investigation of the chaotic dynamics of test particles within accretion discs or inside the halo
surrounding astrophysical black holes have gained widespread interest in recent years. Inte-
grability conditions and the possibility of transition to the chaotic motion for charged parti-
cles moving under the influence of the magnetic force and strong gravitational fields of com-
pact objects and its magnetospheres (Kopa´cˇek et al., 2010; Kopa´cˇek and Karas, 2014, 2015;
Takahashi and Koyama, 2009; Kova´rˇ et al., 2008, 2010), motion under the influence of the rel-
ativistic gravitational field of an accreting black hole systems (Semra´k and Sukova´, 2010, 2012,
2013; Witzany et al., 2015; Vogt and Letelier, 2003), and motion under the influence of gravity
produced by an extended body (Letelier and Vieira, 1997; de Castro and Letelier, 2011), have
been studied within the general relativistic framework. Post-Newtonian black hole potentials
have been used to study the chaotic motion of particles moving inside the halo surrounding a
non-rotating (Gue´ron and Letelier (2001a,b); Letelier et al. (2011); Chen and Wang (2003)) or
a rotating black hole (Ying and Xin, 2012).
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In the present work we would like to study the chaotic motion of test particles under the
combined influence of the gravitational field of a Kerr black hole as well as the dipolar halo
surrounding it by incorporating the potential proposed by Artemova et al. (1996). The same
pseudo-Kerr black hole potential has been used by Ying and Xin (2012) to study the non
relativistic (for vparticle << c, c being the velocity of light in vacuum) chaotic dynamics within
the quadruple halo.
For a halo with symmetric mass distribution, however, the first non-central leading order
term in the potential is quadrapoular, accommodating both oblate and prolate spheroidal
geometries with different signs of quadruple parameter (Ying and Xin, 2012). For the halos
with asymmetric mass distribution with respect to the equatorial plane of a spinning black hole
the dipolar term exists (Binney and Tremaine, 2013) and is expected to cast stronger effects –
in comparison to the quadrupole term – in the corresponding dynamics as a perturbing term
in general.
In absence of perturbative effects produced by the halo, the black hole potential being the
central one, does not leave any room for chaotic motion, nevertheless, as soon as any non-central
force, however small, comes into the effect – the system becomes non-integrable (Goldstein et al.,
2001; Berry, 1978).
We thus believe that in the astrophysical context, our formalism presented in this paper is
more realistic than studying the dynamical system inside a quadrupolar halo.
As a step forward to existing works studying the non relativistic (vparticle << c) chaotic
particle dynamics in the pseudo-Schwarzschild/Kerr space-time, we provide a special relativistic
treatment of the corresponding dynamics, to make our formalism more astrophysically relevant
and realistic.
2 Formulation of the problem and the governing equa-
tions
The free fall acceleration on a Kerr black hole under consideration can be mimicked in Artemova et al.
(1996) as
F = − 1
r2−β(r − r1)β ,
where r1 = 1 +
√
1− a2 is the radial position of the event horizon in the equatorial plane, for
the rotating black hole with effective Kerr parameter a. Again,
β =
rin
r1
− 1,
where,
rin = 3 + Z2 − [(3− Z1)(3 + Z1 + 2Z2)]
1
2 ,
with
Z1 = 1 + (1− a2) 13
[
(1 + a)
1
3 + (1− a) 13
]
and Z2 = (3a
2 + Z21 )
1
2 .
By integrating this acceleration and fixing the integration constant so that it asymptotically
vanishes at infinite distance, the potential is found to be
Φ(r) = − 1
r1(β − 1)
[
rβ−1
(r − r1)β−1 − 1
]
, (1)
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which is applicable only near the equatorial plane with respect to the black hole spin. Due to
the azimuthal symmetry present in the problem, to exploit that, it is better to write it in the
cylindrical polar (ρ, φ, z) form as
Φ(ρ, φ, z) = − 1
r1(β − 1)
[
(ρ2 + z2)
β−1
2
(
√
ρ2 + z2 − r1)β−1
− 1
]
, (2)
where φ is absent due to the azimuthal symmetry; the equatorial plane is specified by z = 0.
As mentioned earlier, if the mass distribution of the halo around the black hole is axi-
ally symmetric about the spinning axis of the black hole and nearly spherical in shape but yet
somewhat displaced about the equatorial plane (Binney and Tremaine, 2013), the gravitational
potential part due the effect of halo will be dominated by leading order dipolar term of the form
αz. Hence the net gravitational potential on a test particle within the halo with the centrally lo-
cated spinning black hole may be expressed (Gue´ron and Letelier, 2001a; Binney and Tremaine,
2013) as,
Φg = Φ(ρ, φ, z) + αz, (3)
where α is a constant, value of which can be set depending upon the asymmetry of the mass
distribution in the halo about the equatorial plane.
With respect to the gravitational attraction exerted by the black hole, the effect of halo may
be taken as a perturbative contribution (with a small, physically realistic value of α) making
the integrable central force system slightly non-integrable one (Berry, 1978). The angular
momentum of the test particle (chosen to be of unit mass for numerical calculations), with
respect to the symmetry axis which is taken to be the spinning axis of the black hole too, may
be denoted by L and it must be a constant due to the azimuthal symmetry of the problem.
Thus the motion along φ direction can be taken care of by introducing a centrifugal force term
along the radial direction, so that the effective potential becomes,
V (ρ, φ, z) = − 1
r1(β − 1)
[
(ρ2 + z2)
β−1
2
(
√
ρ2 + z2 − r1)β−1
− 1
]
+ αz +
L2
2ρ2
.
Thus the equations of motion can be expressed as,
ρ˙ = pρ, (4a)
p˙ρ = −∂Φg
∂ρ
+
L2
ρ3
= −∂V
∂ρ
, (4b)
z˙ = pz, (4c)
p˙z = −∂Φg
∂z
= −∂V
∂z
; (4d)
where all the velocities are scaled by the speed of light in vacuum i.e. c and all the distances
are scaled by GMBH/c
2, MBH being the mass of the centrally located black hole.
As the velocity components may turn out not to be negligible with c (i.e. = 1 after the
scaling), the equations of motion may require the special relativistic correction and after such
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corrections those may look like,
ρ˙ = pρ, (5a)
p˙ρ =
1
Φg −E
[
∂Φg
∂ρ
(1− p2ρ)−
∂Φg
∂z
pzpρ − L
2
(E − Φg)ρ3
]
, (5b)
z˙ = pz, (5c)
p˙z =
1
Φg −E
[
∂Φg
∂z
(1− p2z)−
∂Φg
∂ρ
pzpρ
]
; (5d)
where E is the constant value of energy related with the dynamical variables by the equation,
p2ρ + p
2
z +
L2
(E − Φg)2ρ2 +
1
(E − Φg)2 = 1.
It is to be noted that in absence of the term representing the influence of halo (i.e. when
α = 0), the problem becomes central, and hence integrable, ruling out any possibility of chaotic
motion.
3 Manifestation of the chaos
Although the effective phase space is 4-dimensional, due to the autonomous nature of the
governing equations, eqs. (4), the conservation of energy constraints the motion within a 3-
dimensional constant energy hyper-surface in the 4-dimensional phase space, for a set of initial
conditions. Now instead of observing the characteristic trajectories in a 3-dimensional space,
it is customary, as well as convenient, to observe a 2-dimensional cross-section of that space.
To generate that cross-section (known as Poincare section in the literature (e.g. Berry (1978)),
one has to plot the points of intersection of the trajectories, moving along a particular direction
(in or out), with a fixed plane within the phase space. As the trajectories are governed by the
deterministic equations, the consecutive points of intersection are related by some deterministic
map (Poincare map), but those relations may not be readily expressible using explicit analytic
form.
For regular motion of an integrable system such a plot will be composed of systematic
patterns; while chaotic motion produces a sea of scattered points (see, e.g., Berry (1978);
Goldstein et al. (2001) ). Generally a chaotic system does have islands of regular patterns
surrounded the sea of scattered points (for soft chaos) and complete absence of any regular
island of any length scale (hard chaos) rarely occur in practice. The extent of the sea of scattered
points in comparison to such regular islands on the Poincare section gives a perceptible visual
impression about the extent of chaos in the system concerned.
The quantitative estimate of the degree of chaos may be evaluated by the average maximum
Lyapunov exponent (Strogatz, 2007) of the phase trajectories. Lyapunov exponents are defined
for a D-dimensional phase space (with co-ordinates x ) by the eigenvalues of the matrixM when
the small deviations between neighbouring trajectories δx evolve with time (after linearisation)
according to the equation
δx˙ = Mδx .
But one may calculate a more readily computable quantity,
λ = lim
t→∞
lim
‖δx (0)‖→0
1
t
ln
( ‖δx (t)‖
‖δx (0)‖
)
, (6)
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where ‖δx (0)‖ is the initial norm of the deviation between two neighbouring points and ‖δx (t)‖
is the same after evolving for time t along their own trajectories, provided ‖δx‖ always remains
much less than extent of allowable phase space; which tends to the largest Lyapunov exponent.
Generally one calculates λ several times for all the points spread over the allowable phase space
uniformly and then take average over all such λ’s to find λav. This λav, called by some of
the authors (e.g. Gue´ron and Letelier (2001a); Ying and Xin (2012); Froeschle´ et al. (1997))
as ‘Lyapunov characteristic number’ (LCN), may be a rough estimate of the degree of chaos
present in the system. In our work we made use of this λav as the quantitative indicator of the
chaotic behaviour of the test particle.
4 Numerical Results and Discussions
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Figure 1: Poincare section plots at the plane z = 0 with E = 0.976, L = 4.2 and α = 2 × 10−4,
without any special relativistic correction. Variation of Kerr parameter: (a) a = 0.0, (b) a = 0.3 and
(c) a = 0.8.
First of all we investigated the variation of the Poincare section taken at z = 0, i.e. at
equatorial plane, with variation of E, the energy of the test particle, other parameters viz. L
and a of the system remaining fixed (not shown here). It was observed qualitatively that the
degree of chaos increases with increasing value of E, consistent with the earlier findings of some
authors. This will be quantitatively shown later in this section.
The variation of the degree of chaotic dynamics with that of L is found (compare fig. 1
and 2) to have a negative correlation, other parameters remaining same.
The main focus of our study is to find the (anti)correlation between the black hole spin
parameter and the degree of chaos of the test particle in the dipolar halo. It is apparent from
figs 1 and 2 that with the increase of spin parameter a, the region covered by the scattered points
decreases, indicating the reduction of chaotic behaviour of the motion of the test particle. To
have a more accurate result one may be in interested to investigate the dynamics after special
relativistic corrections using the equations. But the figs. 3 depicting the Poincare section after
such corrections show more or less the same trend. However one feature that may be noticed
by comparing figs. 2 and 3, that the time evolution (as revealed by the Poincare section) after
the correction roughly depicts the uncorrected motion with a somewhat lower value of L.
Further the study has been made to get a quantitative picture of the above correlation using
the LCN. Though the values of LCN are rough estimates of the degree of chaos in the phase
space, which in practice for numerical computation – due to finite size of the sample drawn from
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Figure 2: Poincare section plots at the plane z = 0 with E = 0.976, L = 3.85 and α = 2 × 10−4,
without any special relativistic correction. Variation of Kerr parameter: (a) a = 0.0, (b) a = 0.3 and
(c) a = 0.8.
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Figure 3: Poincare section plots at the plane z = 0 with E = 0.976, L = 4.2 and α = 2× 10−4, after
special relativistic correction. Variation of Kerr parameter: (a) a = 0.0, (b) a = 0.3 and (c) a = 0.8.
the set of all allowable initial conditions (see equation (6) – always have an inherent fluctuation,
the plot of LCN (λav) over the range of a shows a clear negative correlation, most prominent
for the lower range of values of a.
As the equations of motion without special relativistic corrections are to more or less mimic
the motion after corrections, with a little higher value of L and are yet much simpler to handle,
we used the uncorrected version to find out the mechanism behind the suppression of chaos
due to the increase of the black hole spin parameter a, observed numerically in this case. The
investigation was done from the perspective of dynamical system analysis.
The potential Φeff (excluding the perturbative term) is plotted with radial distance along
the equatorial plane, i.e. for z = 0, for different values of a in the figure 5 . It is apparent that
Φeff has a local minimum and the minimum value shifts upward as a increases from 0 to 1, the
shift being more prominent for lower values of a. With the help of non-relativistic equation of
motion one may have following explanations for the suppression of chaos with the increase of
black hole spin.
If the corresponding values of ρ and z at the minimum are denoted by ρ0 and z0 respectively,
the potential at the neighbourhood of that point may be approximated by
V ≈ V (ρ0, z0) + ∂
2V
∂ρ2
∣∣∣∣
0
(ρ− ρ0)2 + ∂
2V
∂z2
∣∣∣∣
0
(z − z0)2.
Thus it is to be noticed that if one expresses the equations (4), in terms of this approximated
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Figure 4: Variation of LCN (λav) with Kerr parameter a for E = 0.976 and L = 3.85 (α = 2× 10−4).
The fitted curve shows a rough trend.
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Figure 5: Constant effective potential (without the contribution from halo) surfaces for a = 0.3 (lower
one) and for a = 0.8 upper one along ρ and z. Here the parameter values, L = 4.2. A constant energy
plane is drawn to depict the allowed region of motion.
effective potential, the equations, even after incorporating αz term in the potential (which
may only shift ρ0, z0 slightly), become linear, ruling out any chaos. So as long as the motion
is restricted near the local minimum only, i.e. for the low values of energy, it will be near
integrable. As the energy becomes lower the motion becomes more restricted near the point
with minimum potential as the from the energy consideration, the motion is allowed only within
the region where Emech − Φ > 0 (Emech = (E2 − 1)/2 being the mechanical energy of the test
particle excluding its rest mass energy). The argument is further confirmed by the trend of the
LCN in the fig. 6.
Again on the other hand, for a particular value energy E, with the increase of a (as well as
of L, not shown) the minimum value of the effective potential V (ρ0, z0) increases (see fig. 5),
making the motion more restricted near the minimum, keeping less room for the governing
equations being non-linear with chaotic solutions. This explains the suppression of chaos with
the increase of a (as well as with the increase of L, already manifested qualitatively).
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Figure 6: Variation of LCN (λav) with the energy E for a = 0.3 and L = 3.85 (α = 2× 10−4).
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